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Abstract
Neural network surrogate models provide a way to accelerate evaluations of computationally
expensive reference functions. Sobolev training can improve surrogate accuracy by supervising
derivatives with respect to the inputs, but full second- and higher-order supervision is imprac-
tical in high dimensions due to the quadratic (and worse) scaling of Hessians and higher-order
derivative tensors. We combine randomized low-rank approximation with algorithmic differ-
entiation to estimate the dominant low-dimensional subspaces of the Hessian and third-order
derivatives, enabling directional supervision without materializing these objects. We propose
batch-wise and streaming methods for direction selection and adapt a task-uncertainty-based
loss balancing mechanism to stabilize training. Across analytic and Monte Carlo reference
functions, our methods improve accuracy over random-direction baselines and reduce train-
ing cost compared to training with full higher-order derivatives, while remaining robust when
derivative information is noisy.
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1 Introduction

Fast and accurate evaluation of computationally expensive functions is important in many
areas of science and engineering. Examples include physics simulations that solve partial
di�erential equations on �ne grids or Monte Carlo (MC) approximations of stochastic mod-
els. Repeated evaluations can become prohibitively expensive, motivating the construction
of surrogate models that approximate reference functions at lower computational cost while
maintaining high accuracy.
Neural networks (NN) are natural candidates for such surrogates. In standard supervised
learning they are trained by supervising only function values. In the case of surrogate train-
ing, however, derivatives of both the reference model and the surrogate are often available
e�ciently via Algorithmic Di�erentiation (AD). Sobolev training, introduced by Czarnecki et
al. [6], makes full use of that available information by supervising values and their deriva-
tives with respect to the inputs. They demonstrated that incorporating gradients in the loss
can improve sample e�ciency and the accuracies of predicted values and learned sensitivities,
which are of primary interest in applications such as �nancial risk management.
However, extending the idea to second derivatives poses practical challenges because Hessians
scale quadratically with the input dimension. Recent work [19] therefore considers directional
second-order training, supervising curvature only along a few directions via Hessian-vector
products (HVPs). The di�culty lies in selecting a small number of informative supervision
directions that maximize the information provided to the surrogate.
Supervising all coordinate directions is too expensive, while selecting directions at random
ignores the structure of the underlying Hessian. To the best of our knowledge, [19] is the only
work that studies second-order directional Sobolev training for NNs, selecting directions via
principal components of gradients as a proxy for curvature. Their evaluations of second-order
supervision focus primarily on MC approximations of the Bachelier model, reporting limited
success on the Heston model due to high levels of noise in the second-order derivative labels.
Since the Bachelier model has only a single dominant curvature direction at any point, it
remains unclear how well these methods extend to reference functions with richer curvature.
In this work, we explore techniques from Randomized Numerical Linear Algebra (RandNLA).
Randomized sketching methods are used to approximate the low rank structure of large matri-
ces. Combined with HVP evaluations via AD, this allows us to approximate leading curvature
directions e�ciently, without materializing full Hessians. We further extend the approach to
directional third-order information.

Contributions:
ˆ We propose three algorithms to select informative supervision directions: a batch-wise

second-order method, a streaming version that aggregates curvature information across
batches, and a third-order extension.

ˆ We provide empirical evaluations against value-based training, �rst-order Sobolev train-
ing, full Hessian second-order supervision, random-direction second-order training, and
the PCA of gradients approach proposed in [19]. Experiments are conducted using both
analytic and MC approximated labels.

ˆ We adapt a task-uncertainty based loss balancing mechanism and show improved sta-
bility for higher-order Sobolev training, especially under noisy derivative labels.

ˆ We provide a Python/JAX framework for training NN surrogates on custom analytic or
stochastic reference functions supporting all training methods discussed in this work.
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Across a range of reference functions, our methods achieve accuracies close to training with
full Hessians. They outperform curvature supervision of random directions in accuracy, while
remaining more e�cient than supervising all coordinate directions for computationally ex-
pensive and high-dimensional reference functions. In Monte Carlo based experiments we
observe that the quality of derivative labels is crucial, especially for third-order supervision.
When sampling noise is too high, higher-order supervision can degrade overall performance.
In these scenarios, the proposed balancing mechanism adapts by downweighting the noisier
components, mitigating adverse e�ects.

The remainder of this thesis is structured as follows. Chapter 2 reviews the foundations on
Sobolev training and RandNLA needed for the proposed methods. Chapter 3 introduces di-
rectional Sobolev training in detail and presents our direction-selection approaches for higher-
order supervision. Chapter 4 reports the evaluation setup and discusses the results before a
conclusion is given in Chapter 5. Additional materials are collected in the Appendix A, includ-
ing the reference models used in our evaluations A.5, the proposed loss-balancing mechanism
A.4, and supplementary background on NNs A.1 and AD A.2.



2 Background

2.1 Sobolev Training

In standard supervised regression, a target function f : Rd ! R is approximated by a
parametrized predictor f̂ � (often a neural network) by minimizing the empirical risk over
a given set of input-output pairs f(x i ; yi )g

m
i=1 :

min
�

1
m

mX

i=1

L
�

f̂ � (x i ) ; yi

�
;

where the loss function L quanti�es the discrepancy between the network's prediction and
the target. A standard choice for the loss function is the squared error kŷ � yk2

2. The
minimization is typically realized through iterative updates to the model's parameters � via
stochastic gradient descent. For a more detailed look at neural networks and their training
procedures, we refer the reader to section A.1 of the appendix.
Sobolev training departs from this value-only supervision by also aligning the derivatives of̂f �

with those of the reference function f . By doing so, each sample constrains not just a pointwise
value but also local function behavior. The Sobolev loss, �rst introduced by Czarnecki et al.
[6], aims to minimize the error of predicted values and learned derivatives up to a chosen
order.

De�nition 1 (Sobolev Loss) Let f : R d ! R be a reference function and f̂ � a predictor.
The Sobolev loss up to order n at an input x is de�ned as

L Sobolev(�; x) =
nX

i=0

� i






 r i

x f̂ � (x) � r i
x f (x)








2

2
; (2.1)

where r i
x denotes the i-th derivative with respect to x (with r0

xg := g), � i � 0 are balancing
factors.

Balancing multiple loss terms of di�erent orders is a non-trivial problem itself. We refer
the reader to section A.4 of the appendix for an explanation of our approach. Czarnecki et
al. demonstrated the idea on analytic reference functions and in model distillation, where
a small neural network learns to approximate the function of a larger pretrained one. In
quantitative �nance, Huge and Savine [14] applied the same principle to stochastic pricing
models under the name Di�erential Machine Learning. While both studies were limited to
�rst-order supervision, they showed that incorporating derivative information in the loss can
improve sample e�ciency and generalization.
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2.2 Randomized Numerical Linear Algebra

This chapter introduces the main ideas of Randomized Numerical Linear Algebra (RandNLA).
Randomized methods extract the low-rank structure of large matrices to compute approximate
solutions faster than deterministic algorithms. A key advantage of RandNLA is the control
it o�ers over computational cost and approximation accuracy. This makes it well suited for
applications in NN training, where exact solutions are not necessarily needed since training
itself is an approximation process.

Sketching:

A sketch of a matrix A is a smaller matrix that preserves properties of A that are relevant for
a downstream task. It is formed through the multiplication of A with a test matrix S [26].

De�nition 2 (Matrix Sketch) Let A 2 R m�n . Then

Y = AS with S 2 R n�s ; s < n

forms a right sketch that compresses columns and is useful for estimating left singular vectors.
Similarly,

Y = SA with S 2 R s�m ; s < m

forms a left sketch that compresses rows and is useful for estimating right singular vectors.

Typical choices for S include i.i.d. Gaussian or Rademacher matrices, in which case sketching
can be interpreted as a randomized projection of A onto a lower-dimensional subspace. The
sketch size s is often chosen slightly larger than the desired rank k of the sketch, with s = k+p
where p � 0 is an oversampling parameter [10].

Low-Rank Approximation:

The range of a matrix A 2 Rm�n is the subspace Range(A) = fAx : x 2 R ng � R m ,
i.e., the span of its columns. The rank of A is the dimension of this subspace, rank(A) =
dim(Range(A)) or equivalently, the number of linearly independent columns (or rows). If
rank(A) is smaller than m or n, then a close approximation of A can be stored more compactly.

Given A 2 R m�n , the rank-k approximation problem is to �nd a matrix ~A with rank
�

~A
�

� k
that minimizes the approximation error in a given norm

~Ak 2 arg min
rank( ~A)�k

kA � ~Ak:

The Eckart-Young theorem [8] shows that for the Frobenius norm k�kF and the spectral norm
k � k2, the optimal solution is given by a truncated Singular Value Decomposition (SVD)

Ak = U k � kV >
k ;

where � k contains the k largest singular values and Uk ; Vk the corresponding singular vectors.

Randomized methods aim to �nd a solution close to this optimum while being cheaper to
compute. The main idea is the randomized range �nder [10].
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Algorithm 1 Randomized range �nder for low-rank approximation ( Halko et al. [10])

Require: A 2 R m�n , target rank k, oversampling p, power steps q
1: Set s  k + p
2: Draw a random test matrix 
 2 R n�s (e.g., i.i.d. Gaussian)
3: Form the sketch Y  (AA > )qA
 2 R m�s

4: Compute an orthonormal basis Q for the range of Y via QR-decomposition: Y = QR
5: Form the compressed matrix B  Q > A 2 R s�n

6: Return ~A  QB

Then ~A = QQ > A is low rank approximation of A with rank( ~A) � s. It can be bene�cial to
apply a few steps of power-iteration when the singular values of A decay slowly. A few steps,
e.g. q = 1 or q = 2, can already lead to improved approximation accuracy [10]. When using
power-iteration, it is recommended to re-orthonormalize between steps to maintain numerical
stability. Having obtained the compressed representation B, one can perform downstream
computations on it and lift the results back by multiplication with Q. The results are ap-
proximations of having done the same computations on the larger matrix A, restricted to
the subspace Range(Q). In section 3.2 we will cover the singular value decomposition as a
relevant example for such downstream operations.

2.3 Literature Survey

Sobolev training was introduced by Czarnecki et al. in 2017 [6], who demonstrated that
supervising �rst derivatives can improve sample e�ciency and accuracy. In computational
�nance, Huge and Savine formulated the same principle under the name Di�erential Machine
Learning (DML), training NN surrogates on MC simulated pricing functions with pathwise
derivatives [14]. Cocola and Hand [4] provided theoretical guarantees for directional �rst-
order Sobolev training, establishing that directional supervision can su�ce to constrain the
target function. Extending DML to second order, Kichler [19] supervised directional curvature
via HVPs, selecting supervision directions via a Principle Component Analysis (PCA) of
gradients. The e�cient HVP computations follow Pearlmutter [30], and the underlying AD
framework is detailed in [9] and [27].
RandNLA provides algorithms to approximate dominant low-rank structure in large matrices.
Halko et al. [10] introduced the Randomized SVD algorithm, with broader analysis and survey
of sketching methods by Martinsson and Tropp [25] and Woodru� [35].
A practical concern for Sobolev training is the balancing of loss terms of di�erent orders. Huge
and Savine proposed a normalization per number of supervised quantities, which was adapted
by Kichler for second-order training. Kilicsoy et al. [22] propose residual weighting schemes for
Sobolev training in mechanics applications. Kendall et al. [17] introduced uncertainty-based
adaptive weighting for multi-task learning in computer vision, which we adopt for higher-order
Sobolev training in this work.
Adjacent work includes Jacobian matching as input-noise regularization in model distillation
[32] and derivative-informed operator learning for partial di�erential equations [29].





3 Higher-Order Supervision

Sobolev training with �rst-order derivatives has been shown to improve sample e�ciency and
generalization in settings such as quantitative �nance and model distillation [14, 6]. Extensions
to higher orders, however, pose computational challenges [11, 19]. Already at second-order,
matching full Hessians is infeasible for functions with many inputs. In this chapter, we present
techniques that leverage directional derivative information to enable higher-order supervision
without explicitly forming full Hessians. We further extend the approach to incorporate
directional third-order derivatives.

3.1 Directional Sobolev Training

For a scalar valued function f (x) with input x 2 R d, its Hessian at x is the matrix of second-
order partial derivatives

H f (x) = r 2
x f (x) 2 R d�d :

Computing and storing this object costs on the order of d2 per sample. Comparing a full Hes-
sian at every training input would therefore require quadratic memory and repeated heavy
computations. This is prohibitive for large input dimensions. However, in many problems the
curvature is not equally strong in all directions of the input space. Often, a small number of
directions correspond to large eigenvalues and therefore capture most of the dominant curva-
ture, while the remaining directions are comparatively �at. As an example, Figure A.24 in the
appendix shows the rapidly decaying eigenspectrum of the mean Hessian of the Heston model
(see A.5 for details). This low rank structure suggests that for practical applications it may
not be necessary to supervise the entire Hessian as described by the standard formulation of
Sobolev training in De�nition 1. Instead, it may be su�cient to restrict curvature supervision
to only a small set of carefully chosen directions [4, 19].

De�nition 3 (Directional 2nd-Order Sobolev Loss) Let f : R d ! R be a reference
function and f̂ � a predictor. For a chosen set of input directions u1; : : : ; uk 2 Rd, the weighted
second-order directional Sobolev loss at an input x is

L 2(�; x) = � 2
1
k

kX

i=1






 H f̂ �

(x)u i � H f (x)u i








2

2
: (3.1)

The directional second-order Sobolev loss can be calculated e�ciently in practice, because it
is possible to compute Ĥf �

(x)u i and Hf (x)u i without forming the full Hessians.
The Hessian-Vector Product (HVP) corresponds to the directional second-order derivative of
a function f : R d ! R at a point x in a direction u 2 R d :

H f (x)u = r 2
x f (x)u

Pearlmutter [30] showed that HVPs can be computed at the same asymptotic cost as eval-
uating the gradient of the function by �rst computing the gradient r x f (x) and then the
directional derivative of that gradient:

H f (x)u = @u (r x f (x)) :

These calculations can be performed e�ciently via Algorithmic Di�erentiation (AD), a topic
covered in more detail in Appendix A.2. For functions with many inputs and few outputs,
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the HVP can be most e�ciently realized as a Jacobian-Vector-Product of a Vector-Jacobian-
Product, or in AD terms, a forward- over reverse-mode computation. Directional higher-order
derivatives can be obtained in a similar manner by applying another forward-mode di�eren-
tiation to the HVP.

The directional Sobolev loss therefore makes higher-order supervision computationally feasible
by reducing the memory requirement from O(d2) to O(d�k) and the compute requirement from
forming a dense matrix to evaluating only k matrix-vector products. It also shifts the core
question to which directions we should supervise. Existing literature on directional curvature
supervision is limited. Random direction probing provides an unbiased estimate of curvature
and has been explored in the context of curvature estimation and optimization [24]. It is
conceptually comparable to the Hutchinson estimator for approximating the trace of a matrix
[15]. Kichler [19] introduced a gradient-based direction selection for second-order Sobolev
training. They compute a PCA on the gradients w.r.t. the inputs in a given batch and use
the directions of maximal variance as supervision directions for curvature. Our work builds
on this line of research by using low-rank approximation techniques from RandNLA for better
informed direction selection.

3.2 Batch-wise Randomized SVD

Using techniques from RandNLA (section 2.2), it is possible to approximate the singular
spectrum of a large matrix without computing its Singular Value Decomposition (SVD). The
RandSVD algorithm by Halko et al. [10] combines a randomized range �nder with a small
deterministic SVD to compute approximate singular vectors and values of a given matrix
A 2 R m�n . The range �nder isolates the dominant subspace of A and forms the compressed
representation B 2 Rs�n , with s < m. The �nal SVD is then carried out on the reduced
matrix instead of the full m � n matrix.

Algorithm 2 RandSVD [10]

Require: A 2 R m�n , target rank k, oversampling p, power steps q
1: Set s  k + p
2: Draw a random test matrix 
 2 R n�s (e.g., i.i.d. Gaussian)
3: Form the sketch Y  (AA > )qA
 2 R m�s

4: Compute an orthonormal basis Q for the range of Y via QR-decomposition: Y = QR
5: Form the compressed matrix B  Q > A 2 R s�n

6: Compute the thin SVD of B: B = eU�V >

7: Lift ~U back to the original space: U = QeU
8: Truncate to the top k components: Uk ; � k ; Vk

9: return (U k ; � k ; Vk )

Theoretical results show that with moderate oversampling, the approximation error is close
to optimal with high probability, and the quality improves further with a small number of
power iterations (q=1, q=2) [10].

We adapt this idea to compute curvature-aware supervision directions for second-order Sobolev
training. The matrix we are interested in is the Hessian of the reference model. For a given



3.2. BATCH-WISE RANDOMIZED SVD 9

batch of inputs B = fx bgm
b=1 , we aim to approximate the dominant curvature directions of the

batch-averaged Hessian

�H f =
1
m

mX

b=1

r 2
x f (x b)

Intuitively, �H f captures the typical curvature structure of the reference model over the current
batch. By taking HVPs computed via AD, we construct a matrix-free version of the RandSVD
algorithm applied to �H f :

1. In Step 3, where the standard algorithm would multiply �H f by a test matrix 
 to form
the sketch Y = �H f 
, we instead build Y 2 R d�s by evaluating HVPs into random
probe directions. That is Y = 1

m

P m
b=1 [H f (x b) ! 1; : : : ; H f (x b) ! s], where the ! i are the

columns of 
.

2. Likewise, in Step 5, where the standard algorithm would project �H f into the computed
subspace by forming B = Q> �H f , we construct that product row by row. For each
column qi of Q we compute �H f qi by averaging HVPs Hf (x b)qi over the batch and

use
� �H f qi

� > as the i-th row of B. This is valid in our setting because the Hessians
are symmetric and therefore Q> H f (x b) = (H f (x b)> Q)> = (H f (x b)Q) > . Stacking the
transposed HVPs row-wise yields the desired matrix B 2 Rs�d .

At the end we truncate to the top k < s directions. Optionally, we keep only as many
singular directions as are needed to explain a prescribed fraction of the curvature variance.
The extracted curvature directions can then be used in the directional second-order Sobolev
loss.

Algorithm 3 Batch-wise RandSVD for dominant curvature directions via HVPs

Require: Function f : R d ! R (twice di�erentiable), batch B = fx bgm
b=1 , target rank k,

oversampling p, power steps q
1: Set s  k + p
2: Draw a random test matrix 
 2 R d�s (e.g., i.i.d. Gaussian)
3: Sketch with HVPs:

Y 2 Rd�s  
1
m

mX

b=1

H f (x b) 
 (columns of 
 supplied to HVPs)

4: (optional power iteration) repeat q times: Y  1
m

P m
b=1 H f (x b)Y via HVPs

5: Orthonormal basis Q 2 Rd�s for the range of Y via QR-decomposition: Y = QR
6: Compressed operator with HVPs:

B > 2 Rd�s  
1
m

mX

b=1

H f (x b) Q (columns of Q supplied to HVPs)

7: Compute the thin SVD of B: B = eU � V > with eU 2 Rs�s

8: Lift eU back to the original space: U = QeU, with U 2 R d�s

9: Truncate to the top-k components: Uk 2 Rd�k

10: return U k

The recovered supervision directions directly re�ect the dominant second-order structure itself,
rather than inferring it from gradient variability as done in the PCA-of-gradients approach
in [19]. A tradeo� is that when constructing �H f , we obtain directions that describe the
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typical curvature structure of that batch, not necessarily the curvature at each individual
point. If curvature changes sharply across the batch, then this averaging can smooth out
local variability to the extent of the batch size. Computing a separate set of supervision
directions for each individual input xb was considered but did not turn out to be e�cient. For
reference functions where the Hessians do not vary a lot over the inputs, it is possible to use the
information extracted from one batch to inform the approximations of all following batches.
In the Appendix A.3 we include a streaming version, where instead of re-approximating the
curvature subspace from scratch for every batch, we approximate the population operator
Ex [H f (x)] over all available training data and re�ne a single basis Q 2 Rd�r over the course
of training.

3.3 Extension to 3rd Derivatives

We extend the second-order batch-wise RandSVD method to the third derivative tensor. The
objective remains the same and is to �nd a small set of directions along which third-order
e�ects are strong and therefore most useful for supervision.

Let f : R d ! R be three times continuously di�erentiable. Its third derivative at a point x is
the symmetric 3-tensor

Tf (x) = r 3
x f (x) 2 R d�d�d

We avoid materializing Tf (x) but have access to third-order tensor-vector-vector products
(TVVPs) via algorithmic di�erentiation. In contrast to the HVP, which maps a point x and
a direction v to the vector H f (x)v 2 R d, the third-order version takes two input directions
v; w 2 Rd and returns the slice

Tf (x; �; v; w) = @w(H f (x)v) 2 R d;

which can be interpreted as the directional derivative of the Hessian action Hf (x)v along w.

De�nition 4 (Directional 3rd-Order Sobolev Loss) Let f : R d ! R be a reference
function and f̂ � a predictor. For a chosen set of input directions u1; : : : ; uk 2 Rd, the weighted
third-order directional Sobolev loss at an input x is

L 3(�; x) = � 3
1
k2

kX

i=1

kX

j=1






 Tf̂ �

(x; �; u i ; uj ) � T f (x; �; u i ; uj )







2

2
; (3.2)

where we contract both modes along the same set of directions.

To �nd suitable supervision directions given batch of inputs B = fx bgm
b=1 , we are interested

in the batch-averaged operator

�Tf =
1
m

mX

b=1

Tf (x b):

We represent Tf (x) by its mode-one unfolding, which encodes all TVVPs as matrix-vector
multiplications:

T (1)
f (x) 2 R d�d 2

; with
h
T (1)

f (x)
i

i;(j�1)d+k
= T f (x) i;j;k

Then with z de�ned as the Kronecker product of a given pair v; w 2 Rd:

T (1)
f (x)z = T f (x; �; v; w); z = vec(v 
 w) 2 R d2

;
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meaning, the third-order TVVP that returns T f (x; �; v; w) corresponds exactly to applying

the matrix T (1)
f (x) to rank one vectors of the form vec(v 
 w). The mode-one unfolding is

only a reindexing of values and no information is lost when passing from Tf (x) to T (1)
f (x).

By a generalization of Clairaut's and Schwarz's theorem the order of di�erentiation does not
matter and unfoldings along di�erent modes are equivalent up to permutation [23]. Direct
construction of the individual T (1)

f (x b) is of course infeasible. Instead, we approximate the
dominant left singular subspace of

�T (1)
f =

1
m

mX

b=1

T (1)
f (x b)

using a randomized sketch that operates only through TVVPs computable e�ciently via AD.
We choose a collection of s sketch directions fui g

s
i=1 � R d and evaluate

yb;i;j = T f (x b; �; ui ; uj ) 2 R d

for each training input x b and pair (i; j) via AD. The sketch directions may be chosen entirely
at random, or (as in our evaluations) consist of the dominant second-order directions, enriched
with a few random vectors. This way exploration of third-order structure is guided by known
second-order information. Using the same set of sketch directions for both contracted slots of
Tf (x b) respects its symmetry and still allows to probe both diagonal contractions and mixed
interactions. Stacking all index pairs and averaging across the batch produces the sketch

Y 2 Rd�s 2
; Y =

1
m

mX

b=1

T (1)
f (x b)
;

where the columns of 
 2 R d2 �s 2
are the Kronecker products vec (ui 
 u j ). The use of all

pairs (ui ; uj ) produces a richer sketch than using only diagonal pairs (ui ; ui ), as mixed pairs
capture interactions between sketching directions. The increased number of probes s2 remains
acceptable when s is much smaller than d.

As in the second-order case, we then compute an orthonormal basis Q = orth(Y ). The
columns of Q 2 Rd�s 2

provide candidate supervision directions, but we need to select the top
k < s 2 directions. In the second-order setting we formed B = Q> �H f and obtained an ordering
through its singular values. In that case it is possible to form B by evaluating HVPs, because
the individual H f (x b) are symmetric and Q> H f (x b) = (H f (x b)Q) > . In the third-order case,

however, the T(1)
f (x b) are not symmetric and we do not have access to their transposed versions

via AD. Instead, we rank each candidate direction qi by the average squared magnitude of its
contracted third derivative,

M (q i ) =
1
m

mX

b=1

kTf (x b; �; qi ; qi )k
2
2 :

This quantity serves as a proxy for the strength of third-order e�ects along qi and requires
only TVVPs. We then select the k directions with the largest values of M (qi ) and assemble
them as

U = [u 1; : : : ; uk ] 2 Rd�k :

The resulting supervision directions arise from a third-order analogue of the second-order
randomized range �nder. They approximate the leading left singular subspace of the mode-
one unfolding of the third derivative tensor. The methodology is extendable to mode-one
unfoldings of fourth- and higher-order derivatives. A concise overview of the algorithm is
given in Appendix A.3.3.
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3.4 Full Training Pipeline

We consider a scalar reference function f : Rd ! R and a surrogate neural network f̂ � . We su-
pervise values, full �rst-order derivatives, and directional second- and third-order derivatives.
Each training step draws a batch of samples B = fxbg

m
b=1 and computes targets for values

and �rst-order derivatives. For second- and third-order supervision, small sets of informative
supervision directions are selected using one of the proposed procedures.

De�nition 5 (Combined Directional Sobolev Loss) For a given batch B = fx bg
m
b=1 , let

fu i g
k2nd
i=1 ; fv j gk3rd

j=1 � R d be the selected second- and third-order supervision directions. The
combined directional Sobolev loss is

1
m

mX

b=1

L total (�; x b);

L total (�; x b) = � 0L 0(�; x b) + � 1L 1(�; x b) + � 2L 2(�; x b) + � 3L 3(�; x b) + c � ;

where � i are learned balancing factors and c� is a regularization term preventing � i ! 0.
The per-order contributions are

L 0(�; x b) =





 f̂ � (x b) � f (x b)








2

2
;

L 1(�; x b) =





 r x f̂ � (x b) � r x f (x b)








2

2
;

L 2(�; x b) =
1

k2nd

k2ndX

i=1






 H f̂ �

(x b) u i � H f (x b) u i








2

2
;

L 3(�; x b) =
1

k2
3rd

k3rdX

i=1

k3rdX

j=1






 Tf̂ �

(x b; �; vi ; vj ) � T f (x b; �; vi ; vj )







2

2
;

if supervision up to that order is active, otherwise zero.

Balancing the loss terms:
Because the loss terms of di�erent orders can di�er signi�cantly in scale and learnability, the
weights � 0 to � 3 must be chosen carefully. We propose a balancing consisting of base-weights
as in [14] and [19], and combine it with learnable reweighting to account for di�erences in
learnability and noise. The proposed mechanism is described in detail in Appendix A.4.

Normalization:
For stable optimization, input samples x 2 Rd and targets y = f(x) 2 R are mapped to
normalized variables

~xj =
x j � � x;j

� x;j
; ~y =

y � � y

� y
;

using per-dimension means �x;j and standard deviations �x;j , and output scale � y . By the
chain rule, �rst-, second-, and third-order derivatives transform as

@~y
@~xj

=
� x;j

� y

@y
@xj

;
@2~y

@~xj @~xk
=

� x;j � x;k

� y

@2y
@xj @xk

;

@3~y
@~xj @~xk@~x̀

=
� x;j � x;k � x;`

� y

@3y
@xj @xk@x̀

:

Working in normalized coordinates keeps all supervised quantities in similar numeric ranges
and makes the loss terms more comparable.



4 Results

In this section we evaluate the e�ectiveness of the proposed methods for NN surrogate train-
ing. Our evaluation proceeds in two stages. We begin with an analytic benchmark setting
in which noise-free training labels are available via AD of analytic reference functions. This
setting isolates the behavior of the proposed methods without interference from noisy training
labels. Afterwards, to highlight how noisy training labels can impact the optimization proce-
dure, we evaluate under Monte Carlo approximations of the Bachelier model A.5, following
the setups of Kichler [19] and Huge [14]. In this setting, derivative labels are obtained via
pathwise di�erentiation. Evaluations on the test set are performed against analytic labels to
ensure clean and consistent measurements.

Training Setup:
All experiments use the same surrogate architecture and �xed hyperparameters to ensure
comparability across methods. The surrogate is a MLP (see A.1) with four hidden layers,
width 20, and silu activation functions. We use the Adam optimizer with constant learning
rate 10�3 . The training regime is designed to re�ect limited data availability. We use an
online sampling setup with 64 batches of size 128 per epoch. The batch-keys are repeated
across epochs, e�ectively simulating a �nite dataset while maintaining the convenience of
online sampling.

4.1 Analytic Regime

First, we evaluate all methods on an analytic implementation of the Bachelier basket call
option. For consistency with prior studies [19, 14] we use a basket of size 7, with model-
parameters as speci�ed at the end of section A.5. Because the reference function has only
one dominant curvature direction, we use k = 1 supervision directions for all second- and
third-order methods. For the batch-wise RandSVD method, we use oversampling parameter
p = 1 and no power-iteration. Adding power-iteration did not impact the results. For the
streaming variant we use a global sketch size of r = 2.

Figure 4.1 shows the test-set Root Mean Square Errors (RMSEs) of all methods over 100
epochs of training. The error curves are averaged over 10 random seeds and the standard
deviations are shown by shaded areas around the curves. The upper-left panel (a) shows
errors in the value- (price-) predictions of the surrogate, (b) shows errors in its learned �rst
derivatives (Deltas), (c) shows errors in the second derivatives (Gammas), and (d) shows
errors in the third derivatives (Speeds). Including �rst derivatives in the supervision already
leads to signi�cant improvements in accuracy across all orders. Including second derivatives
leads to marginally higher accuracies in the learned �rst-, second- and third derivatives. Both
proposed second-order methods converge faster than using random directions for supervision
and are equally accurate to the PCA of gradients approach. The error curves of these three
methods lie on top of each other and only the top (brown) curve of the streaming method
is visible. It must be noted, however, that the improvement in sample-e�ciency compared
to supervising random directions, does not necessarily translate to improved wall-clock-time
of the training procedure, as there is an overhead involved in �nding the more informative
supervision directions. For the batch-wise RandSVD method, the overhead is an additional
(k +p)(q +2) HVPs (per element in the batch) plus some matrix factorizations. Whether this
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Figure 4.1: Test-set RMSEs over training batches for the analytic Bachelier basket call (basket size
7). Curves show mean RMSE across 10 random seeds with shaded �1 standard deviations. Panels
show errors in the predicted values and the learned derivatives.

overhead is worthwhile depends on the chosen parameters k, p, q, as well as the dimensionality
and computational complexity of the reference function. In our observations, the overhead
is typically not worthwhile for cheap, analytic reference functions but becomes bene�cial for
computationally expensive, high dimensional ones, as will be shown in the following section
4.2. For this experiment, the mean per-batch execution times on our system are given by: 2.1
ms for supervising random directions, 2.4 ms for the batch-wise RandSVD method, 2.5 ms
for the streaming method, 2.3 ms for the PCA of gradients approach, 2.4 ms for full Hessian
supervision and 3.0 ms for third-order directional supervision. Including a third-order term in
supervision leads to improved third-order accuracy. It also becomes apparent that including
higher-order Sobolev loss terms not only increases the �nal accuracies of the trained surrogate
but also improves sample-e�ciency, as fewer samples are required to reach a given accuracy.
As expected, the adaptive loss balancing mechanism had no large e�ect and the learned
weights remained at their constant base values. An evaluation of the trained surrogates is
included in the appendix (Figure A.4 to Figure A.7).
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Other analytic reference functions:

The observations on the Bachelier model generalize across many analytic reference functions.
With few exceptions, higher-order methods consistently outperform lower-order ones in both
accuracy and sample-e�ciency. Detailed results for the Heston pricing model and a range of
analytic benchmark functions are provided in the Appendix A.5. Additionally, we include a
NN as a reference function to illustrate the model distillation setting which Sobolev training
was considered for by Czarnecki et al. [6].

4.2 Monte Carlo Approximated Training Labels

Surrogates are often needed for reference functions that do not admit exact analytic solu-
tions and must instead be approximated through simulation. Therefore, we next evaluate
on a Monte Carlo (MC) approximation of the Bachelier model. The basket size and model
parameters remain unchanged from the analytic experiment. Training labels are obtained via
pathwise di�erentiation of single simulation paths following Kichler [19] and Huge [14]. As in
their work, we begin with each training-label corresponding to only one simulation path. The
averaging over many MC paths happens over the period of training. To be able to train with
pathwise derivatives, it is required to smooth the kink in the non-di�erentiable payo� func-
tion. We do so via a three-times continuously di�erentiable polynomial bridge with � = 0:1
as described in A.5.

Figure 4.2 shows the test-set RMSEs of the surrogates over 100 epochs of training. Including
�rst- and second-order loss terms leads to improved accuracies. Both proposed second-order
methods outperform random directions and perform on par with the PCA of gradients ap-
proach. These results are consistent with the �ndings of Kichler [19].
Including third derivatives in this Monte Carlo setting shows a new phenomenon. The third-
order loss term harms the convergence of all other terms. Figure A.23 in the appendix shows
that higher-order targets become increasingly noisy. The labels for third derivatives (Speeds)
contain very little usable signal, and attempting to �t this noise degrades performance. The
uncertainty-aware balancing mechanism detects this and down-weights the third-order term
as shown in Figure 4.3. Without this mechanism, continued training with static base-weights
results in signi�cantly worse �nal performances (full error curves given in the appendix Fig-
ure A.1):
value error: +0.0265 (+250%)
1st-order error: +0.0165 (+242%)
2nd-order error: +0.0140 (+232%)
3rd-order error: +0.0156 (+231%)
Down-weighting the third-order loss term improves accuracy even in the learned third deriva-
tives. The surrogate is able to infer the correct structure through the value-, �rst- and
second-order supervision.

To improve the signal-to-noise ratio in higher-order labels, one can average over many more
paths. Figure A.22 in the appendix shows how the labels become less noisy when averaging
over 1000 paths for each input sample. When training labels are averaged over many MC
estimates, the loss curves become similar to the analytic setting (Figure A.2) and the learned
weights remain close to the base-weights (Figure A.3).
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Figure 4.2: Test-set RMSEs over training batches for the Monte Carlo simulated Bachelier basket call
(basket size 7) with pathwise derivative labels. Curves show mean RMSE across 10 random seeds with
shaded �1 standard deviations. Panels show errors in the predicted values and the learned derivatives.

Figure 4.3: Normalized loss weights over training for the Monte Carlo simulated Bachelier basket call
(basket size 7) with pathwise derivative labels.
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